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Abstract We consider the transverse-traceless tensor
perturbation of a spatial flat homogeneous and isotropic
spacetime in Born-Infeld determinantal gravity, and in-
vestigate the evolution of the tensor mode for two solu-
tions in the early universe. For the first solution where
the initial singularity is replaced by a regular geomet-
ric de Sitter inflation of infinite duration, the evolution
of the tensor mode is stable for the parameter spaces
α < −1, ω ≥ −1/3 and α = −1, ω > 0. For the sec-
ond solution where the initial singularity is replaced by
a primordial brusque bounce, which suffers a sudden
singularity at the bouncing point, the evolution of the
tensor mode is stable for all regions of the parameter
space. Our calculation suggests that the tensor evolu-
tion can hold stability in large parameter spaces, which
is a remarkable property of Born-Infeld determinan-
tal gravity. We also constrain the theoretical parameter
|λ| ≥ 10−38m−2 by resorting to the current bound on
the speed of the gravitational waves.
1 Introduction
The teleparallel equivalent of general relativity, also
called teleparallel gravity or teleparallelism for short,
can be traced back to an attempt by Einstein to unify
ae-mail: keyang@swu.edu.cn
be-mail: zhangyupeng14@lzu.edu.cn
ce-mail: liuyx@lzu.edu.cn, corresponding author
the electromagnetism and gravity on the mathemat-
ical structure of distant parallelism [1]. In this the-
ory, there is a set of dynamical vierbein (or tetrad)
fields which form the orthogonal bases for the tangent
space of each spacetime point. Instead of the Levi-
Civita connection {ρµν}, a spacetime is characterized
by a curvature-free Weitzenbo¨ck connection Γ ρµν =
eA
ρ∂νe
A
µ, with e
A
µ the vierbein, which refers to the
metric through the relation gµν = e
A
µe
B
νηAB, where
ηAB = diag(1,−1,−1,−1) is the Minkowski metric for
the tangent space. Although the Weitzenbo¨ck space-
time is flat, it possesses torsion, which is defined as
T ρµν = Γ
ρ
νµ − Γ ρµν .
The well-known action of teleparallel gravity reads
STG =
1
16piG
∫
dd+1x e T , (1)
where e = |eAM | =
√−|gµν |, and T ≡ SρµνT ρµν is tor-
sion scalar contracted by the torsion tensor and a new
tensor Sρ
µν defined by Sρ
µν = 12 (K
µν
ρ + δ
µ
ρT
σν
σ −
δνρT
σµ
σ), with K
µν
ρ the contorsion tensor related to
the difference between the Levi-Civita connection and
Weitzenbo¨ck connection, i.e., Kρµν = Γ
ρ
µν − {ρµν} =
1
2 (Tµ
ρ
ν + Tν
ρ
µ − T ρµν). Gravitational interaction is
described by the curved spacetime geometry in gen-
eral relativity, however, the contorsion tensor can be
regarded as a gravitational force acting on particles
in teleparallel gravity. Nevertheless, no matter which
2description of gravity we use, with the identity T =
−R + 2e−1∂ν(eTµµν) between the torsion scalar and
Ricci scalar, the equivalence between teleparallel grav-
ity and general relativity is manifest from the action
(1).
As the cornerstone of modern cosmology, general
relativity provides precise descriptions to a variety of
phenomena in our universe. However, it is well-known
that general relativity suffers from various troublesome
theoretical problems, such as the dark matter problem
[2], dark energy problem [3] and the unavoidable sin-
gularity problem [4]. One of the attempts to solve the
singularity problem in classical level, first suggested by
Deser and Gibbons [5], follows the spirit of Born-Infeld
electromagnetic theory, which regularises the divergent
self-energy of the electron in classical dynamics [6]. One
of the Born-Infeld type generalized gravity can be writ-
ten as the form [7–13]
S=
λ
16piG
∫
dd+1x
[√
−|gµν+2λ−1Fµν |−∆
√
−|gµν |
]
,
(2)
where the rank-2 tensor Fµν is a function of certain
fields ψi and their derivatives, λ is the Born-Infeld con-
stant with mass dimension 2, and ∆ is a constant.
In low-energy limit (λ → ∞), the above action ap-
proximates to
S ≈ 1
16piG
∫
dd+1x
√
−|gµν | [Tr(Fµν ) + 2Λ] , (3)
where Λ ≡ (1 −∆)λ/2 is the cosmological constant.
In order to recover a proper low-energy theory, the
simplest case is to choose Fµν to be the Ricci tensor
Rµν(ψi), then general relativity is recovered. However,
If ψi is the metric field, namely working in a pure met-
ric formalism, it will lead to fourth order field equa-
tions with ghost instabilities [5]. If ψi is the connection
field, namely working in the Palatini formalism, the the-
ory is free from the ghost problem [7, 8], and is now
dubbed Eddington-inspired Born-Infeld (EiBI) gravity.
An intriguing property of EiBI theory is that it may
avoid the initial Big Bang singularity of the universe
[8, 14, 15]. However, although the background evolution
maybe free from an initial singularity, by including the
linear perturbations, the overall evolution may still be
singular [16, 17].
Another interesting choice is to simply require
Tr(Fµν ) to be the torsion scalar [9–11]. Thus, the low-
energy theory recovers the teleparallel gravity or gen-
eral relativity equivalently. This can be fulfilled with
Fµν = αF
(1)
µν + βF
(2)
µν + γF
(3)
µν with F
(1)
µν = Sµ
ρσTνρσ,
F
(2)
µν = Sρµ
σT ρνσ, F
(3)
µν = gµνT , and α+β+(d+1)γ = 1.
This theory leads to second-order field equations, and is
dubbed Born-Infeld determinantal gravity. It supports
some cosmological solutions by replacing the possible
initial singularity with a de-Sitter phase or a bounce
[11, 18]. The authors in Ref. [19] pointed out that al-
though the theory is singularity-free in some regions
of the parameter space, nevertheless, the Big Rip, Big
Freeze, or Sudden singularities may still emerge in some
other regions of the parameter space. The equations of
motion were analyzed and Schwarzschild geometry was
studied in Ref. [20]. If α = β = 0, the theory reduces
to an f(T ) type theory, a spatially flat cosmology and
a 5-dimensional domain wall have been considered in
this reduced Born-Infeld-f(T ) theory [21, 22].
The property of tensor perturbations has been
widely analyzed in torsional theories, such as f(T ),
f(T,B), f(T, TG) and extended symmetric teleparal-
lel gravities, see for instance [23–29]. In this work, we
investigate the evolution of transverse-traceless (TT)
tensor perturbation in early high energy regime of the
spatially flat Friedmann-Robertson-Walker (FRW) cos-
mology in Born-Infeld determinantal gravity. The evo-
lution of TT tensor mode, which is pure gravitational
and is irrelevant to matter density perturbations, re-
veals the overall stability of the singularity-free back-
ground solutions against the tensor perturbation. ten-
sor perturbation analysis in torsional theories Through
the paper, the capital Latin indices A,B, · · · and small
Latin indices a, b, · · · label the four-dimensional and
three-dimensional coordinates of tangent space, respec-
tively, and Greek indices µ, ν, · · · and small Latin in-
dices i, j, · · · label the four-dimensional spacetime and
3three-dimensional space coordinate, respectively. For
simplicity, we set a vanishing cosmological constant by
fixing ∆ = 1 in the following analysis.
The paper is organized as follows. In Sec. 2, we in-
troduce the equations of motion of Born-Infeld determi-
nantal gravity. In Sec. 3, we consider the tensor pertur-
bation in a spatial flat FRW cosmological background
and get the evolution of tensor mode. In Sec. 4, we in-
vestigate the evolution of tensor mode in very early cos-
mology for two specific cosmic solutions. In Sec. 5, we
constrain the theoretical parameter λ with the current
bound on the speed of the gravitational waves. Finally,
brief conclusions are presented.
2 Equations of motion
We start from the action in which gravity is minimally
coupled to a matter field [11]
S =
λ
16piG
∫
dd+1x
[√
−|gµν + 2λ−1Fµν | −
√
−|gµν |
]
+
∫
dd+1xLM , (4)
where LM represents the Lagrangian of a matter field
coupling only to the vierbein field or to metric equiva-
lently. By varying with respect to the vierbein, one gets
the Euler-Lagrange equation
∂LG
∂eAµ
− ∂γ
(
∂LG
∂(∂γeAµ)
)
=
16piGe
λ
ΘA
µ, (5)
where LG represents the gravitational Lagrangian, and
ΘA
µ ≡ −e−1∂LM/∂eAµ is related to the energy-
momentum tensor Θµν = eAµΘA
ν . If the action of the
matter field is local Lorentz invariant, then the energy-
momentum tensor is symmetric and conserved [30].
With some algebra, the left two terms in Euler-
Lagrange equation can be written explicitly as
∂LG
∂eAµ
=
|Uµν | 12 (U−1)βα
2
(
eA(αδ
µ
β) +
2∂Fαβ
λ∂eAµ
)
− eAµe,
(6)
∂LG
∂(∂γeAµ)
=
|Uµν | 12 (U−1)βα
λ
∂Fαβ
∂(∂γeAµ)
, (7)
where Uµν = gµν + 2λ
−1Fµν . After contracting the in-
dex A of tangent space via multiplying a vierbein eAν ,
the equations of motion read [20]
|Uµν | 12
(
U−1
)βα
2
[
δµ(αgνβ) +
2eAν
λ
∂Fαβ
∂eAµ
]
− δµνe
− e
A
ν
λ
∂γ
[
|Uµν | 12
(
U−1
)βα ∂Fαβ
∂(∂γeAµ)
]
=
16piGe
λ
Θν
µ,
(8)
where the energy-momentum tensor for a perfect fluid
reads Θµν = (ρ+ P )u
µuν − Pδµν , and the two partial
derivative terms are written explicitly as
∂Fαβ
∂eAµ
= α
(
δµαF
(1)
Aβ + δ
µ
βF
(1)
αA +Q
µ
AαρσTβ
ρσ
−2Sαρ(ATβρµ)
)
+ β
(
QµAρασT
ρ
β
σ − Sρα(µT ρβA)
)
+ γ
(
δµ(αeAβ)T − 4gαβF (2)µA
)
, (9)
∂Fαβ
∂(∂γeAµ)
= α
(
2eAβSα
γµ +DαρσA
[γµ]Tβ
ρσ
)
+ β
(
SAα
[µδγ]β +DρασA
[γµ]T ρβ
σ
)
+ 4γgαβSA
γµ,
(10)
with the tensors SCαβ and Q
λ
A
C
αβ defined as S
C
αβ =
DCαβB
ρσ
TBρσ and Q
λ
A
C
αβ =
∂SCαβ
∂eAλ
, and given by
DCαβB
ρσ
=
1
4
(
δα
ρδβ
σδB
C − eCσeB[αδβ]ρ
)
+
1
2
eB
σeC [αδ
ρ
β], (11)
QλA
C
αβ =
1
4
(
eCλT[αβ]A − δλ[αTAβ]C
)
− 1
2
(
δA
Cδλ[αT
σ
σβ] − eC [αT λAβ]
)
. (12)
3 Linear tensor perturbation
We consider a 4-dimensional perturbed spatial flat
FRW spacetime (d = 3) with the metric to be of the
form
ds2 = dt2 − a2(t) [δij + 2hij(t, x)] dxidxj , (13)
where a(t) is the scale factor and hij(t, x) a TT tensor
perturbation, i.e., ∂ihij = δ
ijhij = 0. The correspond-
ing perturbed vierbein reads
eAµ =
(
1 0
0 a(t) (δai + h
a
i)
)
, (14)
4where hai = δ
a
jh
j
i. With the perturbed vierbein, the
nonvanishing components of perturbed torsion tensor
are
T k0j = −T kj0 = Hδkj + h˙kj , (15)
T kij = ∂[ih
k
j], (16)
where H = a˙/a is the Hubble parameter. Then, the
nonvanishing components of the perturbed contorsion
tensor read
Kk0j = −Hδkj − h˙kj , (17)
K0ij = −a2Hδij + 2Hhij + h˙ij , (18)
Kkij = ∂
khij − ∂ihkj , (19)
and the nonvanishing components of the perturbed ten-
sor SP
MN read
Sk
i0 =
1
2
[
(d− 1)Hδik − h˙ik
]
, (20)
Sk
0j = −1
2
[
(d− 1)Hδjk − h˙jk
]
, (21)
Sk
ij = −1
2
a−2∂[ihj]k. (22)
The perturbation of Fµν can be assembled by Fµν =
αF
(1)
µν + βF
(2)
µν + γF
(3)
µν , with the nonvanishing compo-
nents of F
(1)
µν , F
(2)
µν , and F
(3)
µν given as
F
(1)
ij = (d− 1)a2H2
(
δij + 2hij +
d− 2
d− 1
h˙ij
H
)
, (23)
F
(2)
00 = −
1
2
d(d− 1)H2, (24)
F
(2)
ij =
d− 1
2
a2H2
(
δij + 2hij +
d− 2
d− 1
h˙ij
H
)
, (25)
F
(3)
00 = T = −d(d− 1)H2, (26)
F
(3)
ij = d(d− 1)a2H2 (δij + 2hij) . (27)
The expressions for
the perturbations of ∂Fαβ/∂e
A
µ and ∂Fαβ/∂(∂γe
A
µ)
are listed in appendix Appendix A.
By only focusing on the TT tensor mode, we can
shut down all the scalar and vector modes in the per-
turbed perfect fluid, since the scalar, vector and ten-
sor modes are decoupled from each other and evolve
separately. So the nonvanishing components of the per-
turbed energy-momentum tensor are simply given by
Θ00 = ρ, Θ
i
j = −Pδij . (28)
Substituting the above perturbed variables into the
field equation (8), we can get the background equations
and linear perturbed equation via counting the orders
of perturbations. With some cumbersome algebra, the
background equations read√
(1−BH2)√
1−AH2
(
1 + 2BH2 − 3ABH4)− 1 = 16piG
λ
ρ,
(29)√
(1−BH2)−1√
(1−AH2)3
[
1 +
A+ 3B
d
H˙ − (A−B)H2
− 14AB + 6B
2
3
H2H˙ − (4AB + 2B2)H4
+
(9A+ 19B)AB
3
H4H˙ + (3A+ 5B)ABH6
− 4A2B2H6H˙ − 3A2B2H8
]
− 1 = −16piG
λ
P, (30)
where the constants A = 6(β + 2γ)λ−1 and B =
2(2α+ β + 6γ)λ−1.
Further, by counting the first-order perturbations
of field equation (8), the only non-vanishing equation
reads
F2h¨
i
j + F1h˙
i
j − F0∇2hij = 0, (31)
where the Laplace operator ∇2 = δij∂i∂j , and the co-
efficients are given by
F0 =
4
3a2
[
D
1−AH2 +
3−Dλ
λ (1−BH2)
]
, (32)
F1 =
AH
1−AH2 +
4(B −D)H
1−BH2 +
A2HH˙
3 (1−AH2)2
− 4CH + 2
(
B2 + 2C2
)
HH˙ − (3B − 4C + 4D)CH3
2 (1−BH2)2
− 2ABHH˙
(1−AH2) (1−BH2) +
AC2H3H˙
(1−AH2) (1−BH2)2
− BC
2H3H˙
(1−BH2)3 , (33)
F2 =
A
3 (1− AH2) +
B
1−BH2 −
C2H2
(1−BH2)2 , (34)
with the constants C = (2α+ β)λ−1 and D = 3γλ−1.
In low energy regime (λ→∞), the evolution equa-
tion (31) of the TT tensor mode reduces to the standard
5one in general relativity as expected, i.e.,
h¨ij + 3Hh˙
i
j +
k2
a2
hij = 0. (35)
where we have replaced the Laplace operator with −k2
with k the wave vector.
From the evolution equation (31), one can see that
the perturbation dynamics of tensor mode are influ-
enced by the coefficients F0, F1, and F2, where F2 is rel-
evant to the kinetic term of the graviton and a negative-
signed F2 causes a ghost instability, and a negative-
signed of F0 is related to the gradient instability. For
convenience, we recast (31) as
h¨ij + F h˙ij +M2hij = 0, (36)
where F = F1/F2 is the effective friction coefficient,
and M2 = k2F0/F2 is the effective squared mass. As
time grows, a positive F generates an effective frictional
force, which helps the system to be stabilized, but a neg-
ative F generates an effective accelerating force, which
may lead to an F -accelerating instability. However, if
we are interested in the tensor evolution in the remote
past, their roles are switched, where a positive F will
generate an effective accelerating force but a negative F
will generate frictional force. Moreover, if the effective
squared massM2 is negative, there may exist undesir-
able exponential growth. However, whether the system
is unstable or not, it also depends on which one of F
and M2 is dominant in the evolution [31]. Here, some
possible stabilities and instabilities of tensor evolution
are classified as follows:
a) If F2 < 0, the theory suffers a ghost instability,
which leads to a fatal collapse of vacuum in perturba-
tions.
b) If F2 > 0, F0 < 0, and F1 < 0, the coefficients
M2 < 0 and F < 0. So generally speaking, the theory
suffers a gradient instability. However, since a negative
F generates an effective frictional force as time goes
backwards, if this effect is dominant, the tensor evolu-
tion may be stabilized in the remote past.
c) If F2 > 0, F0 < 0, and F1 > 0, the coefficients
M2 < 0 and F > 0. In general, the theory suffers a gra-
dient instability too. However, if the effective frictional
force is dominant, an effective frictional force may sta-
bilize the system in the remote future.
d) If F2 > 0, F0 > 0, and F1 < 0, the coefficients
M2 > 0 and F < 0. IfM2 is dominant, the tensor evo-
lution is stable. However, if F is dominant, the tensor
evolution is unstable in remote future but stable in the
remote past.
e) If F2 > 0, F0 > 0, and F1 > 0, the coefficients
M2 > 0 and F > 0. The tensor evolution is stable as
time grows. As time goes backwards, ifM2 is dominant,
the tensor evolution is stable, however, if the effective
accelerating force is dominant, the tensor mode may
blow up in the remote past.
Furthermore, depending on the specific solutions,
such as there are some poles in coefficients F and M2
at t = 0, some other instabilities may involve in the
tensor evolutions.
In particular, if we consider the case of vacuum, i.e.,
ρ = 0 and P = 0, the background equations (29) and
(30) lead to a constant Hubble parameter. Then the ef-
fective friction coefficient F and the effective squared
massM2 reduce to
F=3H, (37)
M2= 4
a2
(3 + α− β − c) (3− 2α+ 2β − α2 + β2 − c)[
(1− α+ β) (36 + 24α− 24β + 16α2 + 4αβ + 7β2)
− (24− 4α+ 4β + 12αβ − 3β2) c+ c2]−1, (38)
where the constant c = λ/H2. So it allows us to check
whether a specific vacuum solution is free of instabili-
ties. Such as for the case of β = α + 3 (i.e., B = 0),
the solution is H = 0, then F = 0 and M2 = 1/a2,
the vacuum solution is free of instabilities. For the case
of α = β (i.e., A = B), the solution is H = 0 or
H =
√
2λ/9. For H =
√
2λ/9, one has F =
√
2λ
and M2 = 2/a2(2 − 3α2), the stability holds for the
parameter |α| <
√
2/3.
4 Tensor evolutions of two specific solutions
It is reported that there are some cosmological solu-
tions which can replace the Big Bang singularity with
6a de-Sitter phase or a bounce in the Born-Infeld deter-
minantal gravity [11, 18]. Thus it is essential to investi-
gate the tensor evolutions around the de-Sitter phase or
the bounce point. Only if the background solution does
not collapse under small perturbations, the assertions
of singularity avoidance could be credible.
4.1 Solution I
An interesting solution discussed in Ref. [11] is achieved
by choosingB = 0. Combining the normalization condi-
tion α+β+4γ = 1, one has β = α+3 and γ = −(1+α)/2
with α a free parameter. It leads to A = 12λ−1. In this
case, the background equations (29) and (30) reduce to(
1− 12H
2
λ
)− 12
− 1 = 16piG
λ
ρ, (39)
1− 16H2λ − 4qH
2
λ(
1− 12H2λ
) 3
2
− 1 = −16piG
λ
P, (40)
where q = − a′′aH2 is the deceleration parameter. The
square roots in the equations restrict the parameter λ
to be positive in this case.
By considering a perfect fluid with the state equa-
tion P = ωρ, one can find that for every barotropic
index ω > −1, the solution describes a geodesically
complete spacetime without the big bang singularity
and possesses a geometrical de Sitter inflationary stage
naturally [9, 11, 32]. From the conservation equation
ρ˙+ 3(ρ+ P )H = 0, one has
ρ(t) = ρ0
(
a0
a(t)
)3(ω+1)
, (41)
with the constants a0 and ρ0 relating to the present day
values.
In the asymptotic past t→ −∞, the Hubble factor
approaches a maximum value Hmax ≈
√
λ/12, and the
scale factor behaves like
a(t→ −∞) ∝ e
√
λ
12 t
(
1− εe
√
3λ(1+ω) t
)
, (42)
where ε = 112(ω+1)
(
16piGρ0
λ
)−2
> 0. Then it is easy to
show that H˙1−AH2 ≈ −λ(1 + ω)/4, and
F2 ≈ e
−
√
3λ(1+ω)t
3ελ(1 + ω)
+O(1), (43)
F1
F2
≈ −
√
3λ
2
ω +O(e
√
3λ(1+ω)t), (44)
F0
F2
≈ −e
−
√
λ
3 t
8
(
4(1 + α)− εK0e
√
3λ(1+ω)t
)
, (45)
whereK0 = 127+135ω+α[13+21ω−9α(3+α)(1+ω)].
a) If α 6= −1, we have F0/F2 ≈ − 1+α2 e−
√
λ
3 t. The
evolution equation is approximately to be
h¨ij −
√
3λ
2
ωh˙ij − (1 + α)k
2
2
e−
√
λ
3 thij = 0. (46)
For α < −1, the solution is given by
hij ∝ e
√
3λ
4 ωt
[
c1J 3ω
2
(
p1k
√
6
λ
e−
√
λ
12 t
)
+c2J− 3ω2
(
p1k
√
6
λ
e−
√
λ
12 t
)]
, (47)
where Jn(z) is the Bessel function of the first kind,
p1 =
√
−(1 + a), and ci are the integration constants.
In the limit where t→ −∞, the solution behaves like
hij ∝ e
√
λ
48 (1+3ω)t
[
c′1 cos
(
p1ke
−
√
λ
12 t − 1 + 3ω
4
pi
)
c′2 sin
(
p1ke
−
√
λ
12 t +
1 + 3ω
4
pi
)]
.(48)
When the barotropic index ω ≥ −1/3, the evolution of
the tensor mode is non-divergent, hence, it holds sta-
bility in this case. However, when ω < −1/3, the tensor
mode blows up as in the asymptotic past, so it renders
an instability.
For α > −1, the solution reads
hij ∝ e
√
3λ
4 ωt
[
c1I 3ω
2
(
p2k
√
6
λ
e−
√
λ
12 t
)
+c2I− 3ω2
(
p2k
√
6
λ
e−
√
λ
12 t
)]
, (49)
where In(z) is the modified Bessel function of the
first kind and p2 =
√
1 + a. In the limit t → −∞,
the two Bessel functions are both proportional to
exp
[√
λ/48 t + p2k
√
6/λ exp
(
−
√
λ/12 t
) ]
, so the
solution behaves like
hij ∝ exp
[√
λ
48
(1 + 3ω)t+ p2k
√
6
λ
e−
√
λ
12 t
]
. (50)
It will be divergent as t → −∞. Thus, the solution is
unstable against the tensor perturbation in this case.
7b) If α = −1 and −1 < ω < −2/3, we know that
F0/F2 ≈ 12ε(1+ω)e
√
λ
3 (2+3ω)t is divergent as t→ −∞.
The evolution equation (31) reduces to
h¨ij −
√
3λ
2
ωh˙ij + p
2
4k
2e−p3thij = 0, (51)
where p3 = −
√
λ
3 (2 + 3ω) > 0 and p4 =
√
12ε(1 + ω).
Then, the solution is given by
hij ∝ e
√
3λ
4 ωt
[
c1J 3ω
4+6ω
(
2p4k
p3
e−
p3
2 t
)
+c2J− 3ω4+6ω
(
2p4k
p3
e−
p3
2 t
)]
. (52)
As t→ −∞, the solution behaves like
hij ∝ e−
√
λ
12 t
[
c′1 sin
(
2p4k
p3
e−
p3
2 t +
p3 +
√
3λω
4p3
pi
)
+c′2 cos
(
−2p4k
p3
e−
p3
2 t +
p3 +
√
3λω
4p3
pi
)]
.(53)
It will blow up in the asymptotic past, thus the solution
is unstable in this case.
c) If α = −1 and ω = −2/3, we have F0/F2 ≈ 4ε.
Then, the evolution equation (31) is rewritten as
h¨ij −
√
λ/3h˙ij + 4εk
2hij = 0. (54)
The solution is given by
hij ≈ c1e−
√
λ
12 (1+
√
p5)t + c2e
−
√
λ
12 (1−
√
p5)t, (55)
where p5 = 1 − 48ελ . So the tensor mode blows up as
t→ −∞, and hence, the spacetime renders an instabil-
ity within the tensor perturbation in this case.
d) If α = −1, ω > −2/3 and ω 6= 0, F0/F2 ≈ 12ε(1+
ω)e
√
λ
3 (2+3ω)t is negligible comparing with F1/F2. So
the asymptotic behavior of the evolution equation (31)
is
h¨ij −
√
3λ
2
ωh˙ij = 0, (56)
which can be solved as
hij ≈ 2c1√
3λω
e
1
2
√
3λωt + c2. (57)
As t → −∞, the tensor mode is convergent and stable
for ω > 0, but divergent and unstable for −2/3 < ω <
0.
e) If α = −1 and ω = 0, we have F1/F2 ∝ e
√
3λt
and F0/F2 ∝ e
√
4λ
3 t, and we can simplify the evolution
equation (31) as
h¨ij ≈ 0. (58)
Thus the solution reads
hij = c1t+ c2, (59)
and the tensor mode is linearly divergent in the asymp-
totic past.
In brief, the evolution of the tensor mode is regular
in the very early cosmic stage for α < −1, ω ≥ −1/3
and α = −1, ω > 0. However, the tensor mode is un-
stable in the asymptotic past for other regions of the
parameter space of α and ω. From Eqs. (43), (44) and
(45), the coefficients F2 > 0, M2 = F0/F2 > 0 and
F = F1/F2 < 0 for α = −1 and ω > 0, so the theory
gets rid of ghost instability, gradient instability and F -
accelerating instability in this parameter space. For the
parameter α < −1, the positive F2 andM2 ensure that
the theory gets rid of ghost and gradient instabilities.
Then for ω ≥ 0, there is no F -accelerating instability.
For −1/3 ≤ ω < 0, a positve F generates an effective
accelerating force as time goes backwards, however, the
theory is still stable as M2 is dominant in this case.
4.2 Solution II
Another interesting solution studied in Ref. [18] is
achieved by setting A = B, which implies α = β and
leads to A = B = 3λ−1 with γ a free parameter. In this
case, the background equations (29) and (30) reduce to
3H2
(
1− 9H
2
2λ
)
= 8piGρ, (60)
3H2
(
1− 9H
2
2λ
)
+ 2H˙
(
1− 9H
2
λ
)
= −8piGP. (61)
For a perfect fluid with the Born-Infeld parameter
λ < 0, the solution depicts an irregular spacetime with
the Hubble rate diverges as the scale factor goes to zero,
whereas for λ > 0 and the barotropic index ω > −1,
a brusque bounce solution can be obtained with the
8approximate behavior around the bouncing point given
by
a(t)
a0
≈
(
48piGρ0
λ
) 1
3(1+ω)
[
1±
√
λ
3
t− λ
3
4 (1 + ω)
1
2
9
(±t) 32
+
λ(7− ω)
144
t2
]
+O(t 52 ), (62)
where the positive and minus signs correspond to t > 0
and t < 0, respectively. The Hubble rate is given by
H(t) ≈ ±
√
λ
3
∓ λ
3
4 (1 + ω)
1
2
6
(±t) 12 − λ
72
(1+ω)t+O(t 32 ).
(63)
As |t| → 0, the Hubble rate reaches a maximum
H(0) ≈ ±
√
λ/3, where the maximum energy density
is ρm ≈ (48piG)−1λ and the scale factor reaches a
minimum a(0) ≈ (ρ0/ρm)
1
3(1+ω) . Then the cosmic time
derivative of the Hubble rate reads
H˙(t) = −λ
3
4 (1 + ω)
1
2
12(±t) 12 −
λ(1 + ω)
72
+O(t 12 ). (64)
Although the scale factor and the Hubble rate is finite,
the cosmic time derivative of the Hubble rate diverges
at the bouncing point. This divergence can also be di-
rectly seen from the Raychaudhuri equation [19]
H˙ = −3(1 + ω)ρ
2
dH2
dρ
, (65)
where dH
2
dρ =
8piG
3(1− 9λH2)
. It is clear that H˙ diverges
when the Hubble rate reaches its maximum
√
λ/3. Fur-
thermore, because t ∝ ρm − ρ, the divergence happens
at a finite time and corresponds to a sudden singularity,
which comes from a purely geometrical feature 1.
With the asymptotic solution, the coefficients of the
evolution equation (31) behave like
F0 ≈ 6
a20λ
(
ρm
ρ0
) 2
3(1+ω)
+O(t 12 ), (66)
F1 ≈ ±3K1(1 + ω)
1
2
32λ
3
4
√±t ±
144− (5 + 2ω)K1
16
√
λ
+O(t 12 ), (67)
F2 ≈ −3K2
16λ
+
3(24 +K2)(1 + ω)
1
2
8λ3/4
√±t+O(t), (68)
1The original solution in Ref. [18] is claimed to be regular
since the author only include the terms up to O(t) in the
scale factor. However, by including the higher order terms,
the solution exhibits a sudden singularity at the bounce.
where K1 = 48γ
2−24γ+19,K2 = 48γ2−24γ−29, and
the positive and minus signs in F1 and F2 correspond
to t > 0 and t < 0, respectively.
a) Since K1 is positive for all real γ, so if K2 is
non-null, i.e., γ 6= 14 ±
√
2
3 , F1/F2 ≈ ∓λ
1
4 (1+ω)
1
2K1
2K2(±t)
1
2
and
F0/F2 ≈ − 32a20K2
(
ρm
ρ0
) 2
3(1+ω)
. Then, the evolution equa-
tion (31) reads
h¨ij ± q1√±t h˙
i
j + q2k
2hij = 0, (69)
where q1 = −λ
1
4 (1+ω)
1
2K1
2K2
, q2 = − 32a20K2
(
ρm
ρ0
) 2
3(1+ω)
, and
the positive (minus) sign corresponds to t > 0 (t < 0).
This equation is hard to be solved directly. So in order
to explore the evolution behavior around the bouncing
point analytically, we make a coordinate transformation
dt = e2q1
√
±t(τ)dτ , then the evolution equation can be
rewritten as
d2hij
dτ2
+ q2k
2e4q1
√
±t(τ)hij = 0. (70)
From the coordinate transformation, we have
τ = ±1− e
−2q1
√±t(1 + 2q1
√±t)
2q21
, (71)
then t ≈ τ ± 43q1(±τ)3/2 + O(τ2). Thus, around the
bouncing point |t| → 0 or |τ | → 0, the evolution equa-
tion (70) can be approximated to be
d2hij
dτ2
+ q2k
2hij = 0. (72)
The asymptotic behavior of the tensor mode around the
bounce point is solved as
hij ≈ c1 cos(√q2kτ) + c2 sin(√q2kτ), (q2 > 0) (73)
hij ≈ c1e
√−q2kτ + c2e−
√−q2kτ , (q2 < 0) (74)
The tensor evolution is convergent around the bouncing
point, therefore, the solution is stable under the tensor
perturbation in this case.
b) If γ = 14 ±
√
2
3 , then K1 = 48 and K2 = 0. Now,
the asymptotic behavior of the evolution equation (31)
reduces to
h¨ij +
1
2t
h˙ij +
q3√±tk
2hij = 0, (75)
9where q3 =
2
3a20λ
1/4
√
(1+ω)
(
ρm
ρ0
) 2
3(1+ω)
and the positive
(minus) sign corresponds to t > 0 (t < 0). Thus, the
solution is given by
hij ∝ (±t) 14
[
c1BesselJ
(
1
3
,
4
√
q3k
3
(±t) 34
)
+c2BesselJ
(
−1
3
,
4
√
q3k
3
(±t) 34
)]
. (76)
Its asymptotic behavior near the bouncing point is
hij ∝ c′1
√±t+ c′2. (77)
Therefore, the tensor evolution is convergent and stable
near the bouncing point.
In brief, although the background solution suffers
a sudden singularity, and there is a pole in F1 at the
bouncing point, the evolution of the tensor mode is sta-
ble for all regions of the parameter space of γ and ω.
5 Parameter constraint from GW170817 and
GRB170817A
The combined observation of binary neutron star
merger event GW170817 and its electromagnetic coun-
terpart GRB170817A gives a strong constraint on the
speed of gravitational waves, i.e., −3×10−15 ≤ (vGW −
c)/c ≤ +7×10−15 [33]. In order to constrain the param-
eter of the theory, following the sprit of Ref. [26, 34],
we consider the gravitational waves propagating in a
background FRW universe. By utilizing the ansatz of
the Fourier transformation as [26]
hij =
∫
d3keik·x
[
Aije
iωt +Bije
−iωt] , (78)
the evolution equation (31) reduces to(
ω2 − F0
F2
k2
)
∓ iF1
F2
ω = 0. (79)
Then the dispersion relation is obtained as
∣∣∣∣dωdk
∣∣∣∣ =
[
F2
F0
− F
2
1
4F 20 k
2
]− 12
. (80)
In our case, the wave lengths of gravitational waves are
far shorter than the horizon, i.e., k/a ≪ H . Moreover,
the cosmological redshift for GRB170817A is z ∼ 0.009,
thus the scale factor can be treated roughly as a con-
stant during the propagation of gravitational waves.
Now, in the limit of a small Hubble rate, the disper-
sion relation (80) is approximated as∣∣∣∣dωdk
∣∣∣∣ ≈ 1a
[
1 +
9a2H2
8k2
+
(2α− β)(2α+ 7β)H2
8λ
]
. (81)
In order to get the common dispersion relation, we use
a physical wave vector k¯ = k/a and write the speed of
light c explicitly, then the above relation is rewritten as∣∣∣∣dωdk¯
∣∣∣∣ ≈ c
[
1 +
9H2
8c2k¯2
+
(2α− β)(2α+ 7β)H2
8c2λ
]
. (82)
Since the gravitational waves propagating over an
intergalactic distance in a FRW background, the sec-
ond and third terms cause a deviation from the speed
of light. In low energy regime (λ → ∞), this equa-
tion reduces to the standard dispersion relation in
general relativity. With the Hubble constant roughly
H0 ∼ 70 km s−1 Mpc−1, it is easy to show that the
second term is far less than 10−15, so this correction
is negligible. Nevertheless, the third term comes form
the effect of this modified gravity, hence, it is helpful to
constrain the parameter of the theory with the bound
on the speed of gravitational waves. Without loss of
generality, we set the constants α, β to be of the or-
der of 1 in the third term, then we can obtain the
bound on the theoretical parameter λ of the theory as
|λ| ≥ 10−38m−2.
6 Conclusions
We linearized the field equations of Born-Infeld deter-
minantal gravity and investigated the tensor stability
of two solutions in the early universe. For solution I,
which supports a regular λ-driven de Sitter evolution
of infinite duration, we found that the solution is stable
against the tensor perturbation for α < −1, ω ≥ −1/3
and α = −1, ω > 0, yet the solution renders an instabil-
ity for other parameter space. Therefore, for a very early
radiation filled universe (ω = 1/3), about which we are
most concerned, the cosmic evolution is stable against
the tensor perturbation with the parameter α ≤ −1.
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For solution II, which supports a brusque bounce uni-
verse, we found that although the background solution
exhibits a sudden singularity at the bouncing point, its
tensor evolution is stable around the bounce for all re-
gions of the parameter space of γ and ω. On the other
hand, by taking into account the current bound on the
speed of the gravitational waves, we obtained the bound
on the theoretical parameter λ as |λ| ≥ 10−38m−2.
It is well-known that general relativity suffers the
singularity problem in early universe, and the Born-
Infeld type gravity may avoid the Big Bang singularity,
such as the EiBI theory and the Born-Infeld determi-
nantal gravity. However, although the background so-
lution is singularity-free in EiBI theory, the overall evo-
lution is singular because of the unstable tensor pertur-
bation in Eddington regime. Therefore, our calculation
suggests that the stable cosmic evolutions against ten-
sor perturbation in large parameter spaces is a remark-
able property of Born-Infeld determinantal gravity. The
full linear perturbations, including scalar modes and
vector modes, are quite more complicated and left for
our future work.
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Appendix A: Perturbations of
∂Fαβ
∂eAµ
and
∂Fαβ
∂(∂γeAµ)
The perturbation of
∂Fαβ
∂eAµ
can be assembled by
∂Fαβ
∂eAµ
=
α
∂F
(1)
αβ
∂eAµ
+ β
∂F
(2)
αβ
∂eAµ
+ γ
∂F
(3)
αβ
∂eAµ
, with the nonvanishing com-
ponents of F
(1)
µν , F
(2)
µν , and F
(3)
µν given as
∂F
(1)
ij
∂e00
= −2(d− 1)a2H2
[
δij + 2hij +
d− 2
d− 1
h˙ij
H
]
,
(A.1)
∂F
(1)
0j
∂e0k
= −(d− 1)H2δkj − (d− 2)Hh˙kj , (A.2)
∂F
(1)
ij
∂e0k
= H
[
∂jh
k
i − (d− 2)∂ihkj + (d− 3)∂khij
]
,
(A.3)
∂F
(1)
i0
∂ea0
=
∂F
(1)
0i
∂ea0
= (d− 1)aH2
[
δai + hai +
d− 2
d− 1
h˙ai
H
]
,
(A.4)
∂F
(1)
ij
∂ea0
= aH
[(
d− 3
2
)
∂ihaj − 1
2
∂jhai − (d− 2)∂ahij
]
,
(A.5)
∂F
(1)
0j
∂eak
=
H
a
(
1
2
∂khaj +
1
2
∂ah
k
j − ∂jhak
)
, (A.6)
∂F
(1)
ij
∂eak
= aH2
[(
d− 1
2
)
δkjδai +
1
2
δkiδaj − δijδak
]
+ aH2
[(
d− 1
2
)
δkjhai +
1
2
δkihaj + δijha
k
− 2δakhij
]
+ aH
[
1
2
δaih˙
k
j + δajh˙
k
i − δij h˙ak
− δakh˙ij +
(
d− 3
2
)
δkj h˙ai
]
, (A.7)
∂F
(2)
ij
∂e00
= −(d− 1)a2H2
[
δij + 2hij +
d− 2
d− 1
h˙ij
H
]
,
(A.8)
∂F
(2)
0j
∂e0k
= −1
2
[
(d− 1)H2δkj + (d− 2)Hh˙kj
]
, (A.9)
∂F
(2)
i0
∂e0k
= −(d− 1)H2δki − (d− 2)Hh˙ki, (A.10)
∂F
(2)
ij
∂e0k
=
H
2
[
∂ih
k
j − (d− 2)∂jhki + (d− 3)∂khij
]
,
(A.11)
∂F
(2)
i0
∂ea0
=
∂F
(2)
0i
∂ea0
=
d− 1
2
aH2
[
δai + hai +
d− 2
d− 1
h˙ai
H
]
,
(A.12)
∂F
(2)
ij
∂ea0
=
aH
2
[(
d− 3
2
)
∂jhai − 1
2
∂ihaj − (d− 2)∂ahij
]
,
(A.13)
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∂F
(2)
00
∂eak
= (d− 1)H
2
a
[
δa
k − hak + d− 2
d− 1
h˙a
k
H
]
, (A.14)
∂F
(2)
i0
∂eak
=
H
2a
[
(d− 3)∂ihak − (d− 2)∂ahki + ∂khai
]
,
(A.15)
∂F
(2)
0j
∂eak
=
H
2a
[
(d− 2)∂jhak −
(
d− 3
2
)
∂ah
k
j +
1
2
∂khaj
]
,
(A.16)
∂F
(2)
ij
∂eak
=
aH2
4
[
δaiδj
k + (2d− 1)δajδik − 2δijδak
]
+
aH2
4
[
(2d− 1)δikhaj + δjkhai + 2δijhak
− 4δakhij
]
+
aH
4
[
δaih˙
k
j + 2(d− 1)δikh˙aj
+ δj
kh˙ai − 2δij h˙ak − 2δakh˙ij
]
, (A.17)
∂F
(3)
ij
∂e00
= −2d(d− 1)a2H2 (δij + 2hij) , (A.18)
∂F
(3)
i0
∂e0k
=
∂F
(3)
0i
∂e0k
= −d(d− 1)H2δki, (A.19)
∂F
(3)
i0
∂ea0
=
∂F
(3)
0i
∂ea0
= d(d− 1)aH2 (δia + hia) , (A.20)
∂F
(3)
00
∂eak
= 2(d− 1)H
2
a
[
δka − hka + d− 2
d− 1
h˙ka
H
]
,
(A.21)
∂F
(3)
ij
∂eak
= (d− 1)aH2 (dδa(iδkj) − 2δkaδij)
+ (d− 1)aH2 (dδk(ihj)a + 2δijhak − 4δakhij)
− 2(d− 2)aHδijh˙ak. (A.22)
The perturbation of
∂Fαβ
∂(∂γeAµ)
can be assembled by
∂Fαβ
∂(∂γeAµ)
= α
∂F
(1)
αβ
∂(∂γeAµ)
+ β
∂F
(2)
αβ
∂(∂γeAµ)
+ γ
∂F
(3)
αβ
∂(∂γeAµ)
, with
the nonvanishing components of
∂F
(1)
αβ
∂(∂γeAµ)
,
∂F
(2)
αβ
∂(∂γeAµ)
, and
∂F
(3)
αβ
∂(∂γeAµ)
given as
∂F
(1)
i0
∂(∂0e0k)
= −(d− 1)Hδki + h˙ki, (A.23)
∂F
(1)
ij
∂(∂0e0k)
= ∂khij − ∂ihkj, (A.24)
∂F
(1)
i0
∂(∂le00)
= (d− 1)Hδli − h˙li, (A.25)
∂F
(1)
ij
∂(∂le00)
= ∂ih
l
j − ∂lhij , (A.26)
∂F
(1)
0j
∂(∂0eak)
=
1
2a
(
∂ah
k
j − ∂khaj
)
, (A.27)
∂F
(1)
ij
∂(∂0eak)
= aH
[
δa
kδij − 1
2
δaiδ
k
j +
(
d− 3
2
)
δajδ
k
i
]
− a
[
H
2
δj
khai −
(
d− 3
2
)
Hδkihaj +Hδijha
k
− 2Hδakhij + δaj h˙ki + 1
2
δaih˙
k
j +
1
2
δkih˙aj
− δakh˙ij
]
, (A.28)
∂F
(1)
0j
∂(∂lea0)
=
1
2a
(
∂lhaj − ∂ahlj
)
, (A.29)
∂F
(1)
ij
∂(∂lea0)
= −aH
[
δa
lδij − 1
2
δaiδ
l
j +
(
d− 3
2
)
δajδ
l
i
]
+ a
[
H
2
δljhai −
(
d− 3
2
)
Hδlihaj − 2Hδalhij
+Hδijha
l + δaj h˙
l
i +
1
2
δaih˙
l
j +
1
2
δi
lh˙aj
− δalh˙ij
]
, (A.30)
∂F
(1)
i0
∂(∂le0k)
= −a−2 (∂lhki − ∂khli) , (A.31)
∂F
(1)
0j
∂(∂le0k)
= − 1
2a2
(
∂lhkj − ∂khlj
)
, (A.32)
∂F
(1)
ij
∂(∂le0k)
=
1
2
(
Hδliδ
k
j −Hδljδki + δlih˙kj − δkih˙lj
)
,
(A.33)
∂F
(1)
0j
∂(∂leak)
= a−1
(
Hδa
kδlj −Hδalδkj +Hδjkδamhlm
−Hδj lδamhkm + δakh˙lj − δalh˙kj
)
, (A.34)
∂F
(1)
ij
∂(∂leak)
= a−1
[
1
2
δki
(
∂lhaj − ∂ahlj
)
+
1
2
δli
(
∂ah
k
j
− ∂khaj
)
+
1
2
δai
(
∂lhkj − ∂khlj
)
+ δaj
(
∂lhki
− ∂khli
)
+ δa
k
(
∂ih
l
j − ∂lhij
)
+ δa
l
(
∂khij
− ∂ihkj
)]
, (A.35)
∂F
(2)
i0
∂(∂0e0k)
=
1
2
[
(d− 1)Hδki − h˙ki
]
, (A.36)
∂F
(2)
ij
∂(∂0e0k)
=
1
2
(
∂khij − ∂jhki
)
, (A.37)
12
∂F
(2)
i0
∂(∂le00)
= −1
2
[
(d− 1)Hδli − h˙li
]
, (A.38)
∂F
(2)
ij
∂(∂le00)
= −1
2
(
∂lhij − ∂jhli
)
, (A.39)
∂F
(2)
0j
∂(∂le0k)
=
1
4a2
(
∂khlj − ∂lhkj
)
, (A.40)
∂F
(2)
ij
∂(∂le0k)
=
1
4
(
Hδi
kδlj −Hδilδkj + δikh˙lj − δilh˙kj
)
,
(A.41)
∂F
(2)
00
∂(∂0eak)
= −d− 1
a
(
Hδa
k −Hhak − h˙a
k
d− 1
)
, (A.42)
∂F
(2)
i0
∂(∂0eak)
=
1
2a
(
∂iha
k − ∂khai
)
, (A.43)
∂F
(2)
0j
∂(∂0eak)
=
1
4a
(
2∂jha
k − ∂khaj − ∂ahkj
)
, (A.44)
∂F
(2)
ij
∂(∂0eak)
=
a
2
[
Hδa
kδij +
(
d− 3
2
)
Hδaiδ
k
j − H
2
δajδ
k
i
+
(
d− 3
2
)
Hδkjhai − 1
2
Hδkihaj −Hδijhak
+ 2Hδa
khij − δkj h˙ai − 1
2
δkih˙aj − 1
2
δaih˙
k
j
+ δa
kh˙ij
]
, (A.45)
∂F
(2)
00
∂(∂lea0)
=
d− 1
a
[
Hδa
l −Hhal − h˙a
l
d− 1
]
, (A.46)
∂F
(2)
i0
∂(∂lea0)
= − 1
2a
(
∂iha
l − ∂lhai
)
, (A.47)
∂F
(2)
0j
∂(∂lea0)
= − 1
4a
(
2∂jha
l − ∂lhaj − ∂ahlj
)
, (A.48)
∂F
(2)
ij
∂(∂lea0)
= −a
2
[
Hδa
lδij +
(
d− 3
2
)
Hδaiδ
l
j − H
2
δajδ
l
i
− H
2
δi
lhaj +
(
d− 3
2
)
Hδj
lhai −Hδijhal
+ 2Hδa
lhij − 1
2
δaih˙
l
j − δj lh˙ai − 1
2
δi
lh˙aj
+ δa
lh˙ij
]
, (A.49)
∂F
(2)
ij
∂(∂leak)
=
1
4a
[
2δa
k
(
∂jh
l
i − ∂lhij
)− 2δal(∂jhki
− ∂khij
)
+ δai
(
∂lhkj − ∂khlj
)− δik(2∂jhal
− ∂lhaj − ∂ahlj
)
+ δi
l
(
2∂jha
k − ∂khaj
− ∂ahkj
)− 2δkj(∂ihal − ∂lhai)+ 2δlj(∂ihak
− ∂khai
)]
, (A.50)
∂F
(3)
00
∂(∂0eak)
=
2(1− d)
a
[
Hδa
k −Hhak − h˙a
k
d− 1
]
,
(A.51)
∂F
(3)
ij
∂(∂0eak)
= 2aδij
[
(d− 1)Hδak − (d− 1)Hhak − h˙ak
]
+ 4(d− 1)aHδakhij , (A.52)
∂F
(3)
00
∂(∂lea0)
=
2(d− 1)
a
[
Hδa
l −Hhal − h˙a
l
d− 1
]
, (A.53)
∂F
(3)
ij
∂(∂lea0)
= −2aδij
[
(d− 1)Hδal − (d− 1)Hhal − h˙al
]
− 4(d− 1)aHδalhij , (A.54)
∂F
(3)
00
∂(∂leak)
= −2a−3 (∂lhak − ∂khal) , (A.55)
∂F
(3)
ij
∂(∂leak)
= 2a−1δij
(
∂lha
k − ∂khal
)
. (A.56)
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